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An analytical solution in couple stress elasto-plastic theory is presented for the pure bending beam under
small deformation. This solution considers the effects of both elastic deformation and plastic deforma-
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Many experiments show that materials display strong size
effects in microstructure. For example, in the microtorsion test of
thin copper wires (Fleck et al., 1994), the scaled shear strength
increases by a factor of 3 as the wire diameter decreases from
170 to 12 lm. In the microbend test of ultra thin beams (Haque
and Saif, 2003; Lou et al., 2006; Shrotriya et al., 2003; Stolken
and Evans, 1998), there is a signiﬁcant increase in the normalized
bending hardening as the beam thickness decreases. This size
effects cannot be explained by classical continuum theory.
Recently, several couple stress/strain gradient theories (Aifantis,
1984; Fleck and Hutchinson, 1993; Fleck and Hutchinson, 1997;
Gao et al., 1999; Guo et al., 2001) have been developed and suc-
cessfully applied to predict the size effects. Different with classical
continuum theory, couple stress/strain gradient theory introduce
the material length parameter ‘ in the constitutive equations. In
order to measure the material length parameter, a proper experi-
ment in microscale should be chose.
The uniaxial tensile test is widely used to measure the elastic
modulus E and Poisson’s ratio m in classical continuum theory.
However, the uniform deformation does not result in size effects.
Thus, this test cannot be used to measure the material length
parameter ‘ in couple stress/strain gradient theory.ll rights reserved.
ory of Structural Analysis for
y, Dalian 116024, PR China.The indentation test has been suggested to measure ‘ by Begley
and Hutchinson (1998), Shu and Fleck (1998), respectively. In this
test, only some local material points are measured to obtain the
hardness. However, we prefer to choose a test performed on entire
structure instead of some local points to measure material con-
stants. For example, in macroscale, although E and m can be de-
duced from the indentation test, the uniaxial tensile test is
mostly used in practice. Similarly, in microscale, to some extent
it is unsuitable to measure the material length parameter through
indentation test.
Moreover, Stolken and Evans (1998), Shrotriya et al. (2003) and
Lou et al. (2006) presented plastic pure bending tests successively.
Moreover, Haque and Saif (2003) proposed a cantilever beam test.
Compared with indentation test, the model of microbend test is
much simpler. Therefore, the microbend test is suggested to mea-
sure the material length parameter according to the relationship
between the moment M and the surface strain eb.
With the proper test in microscale, the analytical solution is also
needed tomeasure thematerial lengthparameter ‘. At present,most
people adopt couple stress rigid-plastic solutions under small defor-
mation to predict the size effects in themicrobend tests (AbuAl-Rub
and Voyiadjis, 2006; Chen and Wang, 2000; Chen and Wang, 2001;
Stolken and Evans, 1998; Wang et al., 2003). In these solutions, the
elastic deformation is ignored and this assumption can only be sat-
isﬁedwhen ep >> ee, where ee and ep are elastic part and plastic part
of the total strain e, respectively. In anotherword, if theplastic defor-
mation is not large, the rigid-plastic solutionsmay contain some er-
rors. In this case, ‘ determined from the solutionsmay be inaccurate
and unsuitable to be applied in micro-engineering.
Fig. 1. The schematic diagram of pure bending test with elasto-plastic deformation.
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is proposed for the pure-bending beam under small deformation.
The paper is organized as follows. In Section 2, couple stress elas-
to-plasticity is brieﬂy introduced. Based on this theory, an exact
solution of pure bending beam under plane strain deformation is
developed in Section 3. In Section 4, the analytical solution is
adopted to predict the size effects in microbend tests. Moreover,
the solution is compared with rigid-plastic solution and ﬁnite ele-
ment solution to verify its correctness. Finally, a conclusion is
drawn in Section 5.
2. Couple stress elasto-plasticity
Up to now, many kinds of couple stress/strain gradient theories
have been proposed to explain the size effects. It is still undeter-
mined which theory is the most efﬁcient one in practice. Because
couple stress theory is more simple and convenient to be imple-
mented, it is chose to deduce the solution in this paper.
The kinematics equations of couple stress theory are
eij ¼ ui;j þ uj;i2 ; vij ¼ xi;j ¼
eimnun;mj
2
ð1Þ
where xi ¼ eimnun;m2 is the rotation vector and vij is the curvature
tensor.
The elastic constitutive equations are
rij ¼ kdijekk þ 2Geij; mij ¼ 2G‘2vij ð2Þ
where rij is the symmetric part of Cauchy stress tensor; mij is the
couple stress tensor; k and G are Lame’s constants; ‘ is the material
length parameter.
Compared with the ﬂow theory, the deformation theory is more
suitable to deduce analytical solution in plasticity. For generalized
Von-Mises materials, the plastic constitutive relations of deforma-
tion theory can be given by
sij ¼ 2R3n eij; mij ¼
2‘2R
3n
vij ð3Þ
where, sij and eij are the deviatoric parts of the stress and strain ten-
sors respectively; n is the generalized effective strain and R is the
generalized effective stress, which can be expressed as
R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
sijsij þmijmij
‘2
 s
ð4Þ
n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
eijeij þ ‘2vijvij
 r
ð5Þ
For a linear hardening material, R can be given by
R ¼ R0 þ Hðn n0Þ ð6Þ
where H is the hardening modulus; R0 is the initial yield stress and
n0 ¼ R03G is the associated effective strain.
For a power-law hardening material, R can be written as
R ¼ R0 nn0
 1=n
ð7Þ
where nP 1 is the plastic work hardening exponent.
3. Couple stress elasto-plastic solutions in pure bending beam
Fig. 1 shows a design scheme of pure bending test, where h is
the beam thickness and 2yep is the width of elastic region. As in re-
cent microbend tests (Haque and Saif, 2003; Shrotriya et al., 2003;
Stolken and Evans, 1998), the beam is assumed in plane strain
deformation. In this case, the non-vanishing components of vij
can be expressed by eij, i.e.,vzx ¼ exy:x  ex:y; vzy ¼ ey:x  exy:y ð8Þ
For a pure bending thin beam under plane strain deformation, we
have
ex ¼ jy; ez ¼ 0; exy ¼ 0 ð9Þ
ry ¼ 0 ð10Þ
where, j is the constant curvature. For simplicity, we adopt jP 0
in this paper.
Note that ey is only the function of y for the pure bending beam,
i.e.,
ey ¼ eyðyÞ ð11Þ
Substituting Eqs. (9) and (11) into (8) results in
vzx ¼ j; vzy ¼ 0 ð12Þ3.1. Solution in the elastic region
In order to satisfy Eqs. (9) and (10), the elastic displacement
ﬁelds should be given by
u ¼ jxy; v ¼ j
2
x2 þ m
1 m y
2
 
ð13Þ
The strain ey in pure bending beam can be obtained from Eqs. (1)
and (13)
ey ¼  m1 mjy ð14Þ
Substituting Eqs. (9), (12) and (14) into the elastic constitutive Eq.
(2), we can obtain the non-vanishing components of the stress
and couple stress tensors
rx ¼ E1 m2 jy; rz ¼
mE
1 m2 jy ð15Þ
mzx ¼ 2‘2Gj ð16Þ
In couple stress theory, both the stress rx and couple stress mzx
should contribute to the moment M at the across section (Chen
and Wang, 2001) , i.e.
M ¼ 2b
Z h=2
0
ðrxymzxÞdy ð17Þ
where, b is the beam width.
Fig. 2. Comparison of the present solution with the microbend test of annealed
nickel thin beams by Stolken and Evans (1998). The dashed line denotes the results
of classical continuum theory.
J. Bin, C. Wanji / International Journal of Solids and Structures 47 (2010) 779–785 781Substituting Eqs. (15) and (16) into (17), the moment can be
obtained
M ¼ Ebh½h
2 þ 12ð1 mÞ‘2
12ð1 m2Þ j ð18Þ
On the elasto-plastic interface y ¼ yep, the yield condition must be
satisﬁed as
Rjy¼yep ¼ R0 ð19Þ
According to Eqs. (4), (15), (16), (19), the vertical coordinate of the
elasto-plastic interface can be determined as
yep
¼
h
2 j6j1 ðThewhole beam is in elastic deformationÞ
1m
Ej
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þmÞ2R203E2j2‘2
2ðm2mþ1Þ
r
j1 <j6j2 ðPart of the beam comes into plastic stateÞ
0 j>j2 ðThewhole beam comes into plastic stateÞ
8>>><
>>:
ð20Þ
where, j1 ¼ 2ð1m2ÞR0
E
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðm2mþ1Þh2þ6ð1mÞ2‘2
p ; j2 ¼ R0ﬃﬃ6p G‘. For couple stress theory,
the neutral axis of the beam can also come into plastic state in case
of j > j2, which is different from classical continuum theory.
3.2. Solution in the plastic region
For the deformation theory, the following equations must be
satisﬁed
rkk ¼ 3Kekk ð21Þ
sx
ex
¼ sy
ey
¼ mzx
‘2vzx
ð22Þ
Substituting ez ¼ 0; ry ¼ 0 into Eqs. (21) and (22) and eliminating
rz results in
ey ¼
rx 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
3K
ð23Þ
Without any load, ex ¼ 0. Meanwhile, ey ¼ 0. Therefore, ey should be
expressed as
ey ¼
rx 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
3K
ð24Þ
According to Eqs. (4), (5), (9), (10), (12), (21), (22) and (24), we can
ﬁnally get the following equations
ex ¼ jy ð25Þ
ey ¼
rx 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
3K
ð26Þ
rz ¼ 3Kex 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
ð27Þ
mzx ¼ ‘2j rxex  ey ð28Þ
R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  rxrz þ r2z þ
3m2zx
2‘2
s
ð29Þ
n ¼ 1
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4ðe2x  exey þ e2yÞ þ 6‘2j2
q
ð30Þ
f ¼ R R0  Hðn n0Þ ¼ 0 or f ¼ R R0
n
n0
 1=n
¼ 0 ð31Þ
Substituting Eqs. (25)–(30) into (31), we can get a non-linear equa-
tion f ðrxÞ ¼ 0 with an undetermined variable rx. As shown in
Appendix, f ðrxÞ changes monotonously as rx increases, which
means that there is only one solution in the equation f ðrxÞ ¼ 0.
Therefore, the equation can be easily solved by some optimization
methods.After solving out rx and mzx, the moment can be eventually ob-
tained as follows
M ¼ 2Ebyep½y
2
ep þ 3ð1 mÞ‘2
3ð1 m2Þ jþ 2b
Z h=2
yep
ðrxymzxÞdy ð32Þ
where, the ﬁrst and second parts represent the contributions of
elastic region and plastic region, respectively. Here, numerical inte-
gral is needed.
Although numerical methods should be employed twice, the
solution is still much easier than ﬁnite element method. Moreover,
the M  j relation can also be applied in the cantilever beam.4. Applications and analysis
4.1. Size effects in ultra thin beam
Stolken and Evans (1998), Shrotriya et al. (2003), and Haque
and Saif (2003) designed microbend tests of ultra thin beams under
plane-strain deformation and observed that the bending strength
of beams signiﬁcantly increased with the beam thickness decreas-
ing. In this section, we will predict the size effects of microbend
beam with the analytical solution in this paper.
Fig. 2 adopts the present solution to ﬁt themicrobend test of thin
Ni ﬁlms by Stolken and Evans (1998). A linear hardeningmaterial is
considered here, with E ¼ 207 GPa; m ¼ 0:312; R0 ¼ 56;75;
103 MPa and H ¼ 1:15;1:30;1:05 GPa for h ¼ 12:5, 25, and 50 lm,
respectively. The material length parameter estimated from the
experimental data is ‘ ¼ 11 lm, which is different from ‘ ¼ 5:2 lm
in Stolken and Evans’s paper (1998).
Fig. 3 adopts the present solution to ﬁt the microbend test of
thin LIGA Ni foils by Shrotriya et al. (2003). A linear hardening
material is considered here, with E ¼ 165 GPa; m ¼ 0:3;
R0 ¼ 400 MPa and H ¼ 1:03 GPa for h = 25, 50, 100 and 200 lm.
The material length parameter estimated from the experimental
data is ‘ ¼ 6 lm, which is different from ‘ ¼ 4:7 lm in Shrotriya
et al.’s paper (2003).
Fig. 4 adopts the present solution to ﬁt the microbend test of
thin 99.99% pure aluminum ﬁlms by Haque and Saif (2003). A lin-
ear hardening material is considered here, with E ¼ 70 GPa,
m ¼ 0:228, R0 ¼ 0 MPa and H ¼ 2:5 GPa for h ¼ 100, 150, 200 and
485 nm. The material length parameter estimated from the exper-
imental data is ‘ ¼ 0:15 lm. Haque and Saif (2003) used different
values of ‘ to ﬁt the experimental data.
Fig. 3. Comparison of the present solution with the microbend test of LIGA nickel
thin beams by Shrotriya et al. (2003). The dashed line denotes the results of classical
continuum theory.
Fig. 4. Comparison of the present solution with the microbend test of aluminum
thin beams by Haque and Saif (2003). The dashed line denotes the results of
classical continuum theory.
Fig. 5. Comparison of the present solution with the ﬁnite element solution and the
rigid-plastic solution for weak hardening materials. Referring to the initial effective
strain n0 ¼ 2:71e 4, the surface strain eb is large enough here.
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continuum theory, can well predict size effects in microbend tests.
4.2. Veriﬁcation of the solution
In this section, the present solution is compared with ﬁnite ele-
ment solution and rigid-plastic solution to prove its correctness. All
the numerical examples in Sections 4.2 and 4.3 adopt the beam
model with h ¼ 12:5 lm in Stolken and Evans’s paper (1998).
4.2.1. Comparison with ﬁnite element solution
Recently, Soh and Chen constructed the RCT9+RT9 element and
then applied it to model the stress concentration problem on the
boundary of the circular hole (Soh and Chen, 2004). It was proved
that this element is efﬁcient and has much higher accuracy by
comparison with the exact solution.
We also adopt RCT9+RT9 element to model the size effects in ul-
tra thin beam. The beam length is adopted as L = 0.4 mm. The mesh
employs 800 elements to guarantee the results accurate enough.
Fig. 5 compares the present solutions with the ﬁnite element
solutions for both linear hardening material and power-law hard-
ening material. Numerical results show that both kinds of solutions
are well in agreement and prove that the analytical solution in this
paper is correct.4.2.2. Comparison with rigid-plastic solution
Nowadays, the rigid-plastic solution is widely used to explain
the size effects in ultra thin beam. This solution is much simpliﬁed
by ignoring the elastic strain. In this solution, all of the strain and
curvature tensors can be expressed as
ex ¼ jy; ey ¼ jy; ez ¼ 0; exy ¼ 0 ð33Þ
vzx ¼ j; vzy ¼ 0 ð34Þ
For the linear hardening material, the stress and couple stress ten-
sors can be obtained as follows (Chen and Wang, 2001)
rx ¼ 4ðR0  Hn0Þyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12y2 þ 6‘2
q þ 4Hky
3
ð35Þ
mzx ¼ 2‘
2ðR0  Hn0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12y2 þ 6‘2
q  2‘2Hk
3
ð36Þ
Substituting Eqs. (35) and (36) into Eq. (17), the relation of M  j
can be given explicitly
M ¼ b
6
"
4Hk‘2hþ 2
3
Hkh3 þ
ﬃﬃﬃ
3
p
ðR0  Hn0Þ h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2‘2 þ h2
q
þ 2‘2 ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2‘2 þ h2
p
þ hﬃﬃﬃ
2
p
‘
 ! !#
ð37Þ
For the power-law hardening material, the stress and couple stress
tensors can be obtained as follows (Wang et al., 2003)
Fig. 6. Comparison of the present solution with the rigid-plastic solution and the
ﬁnite element solution for high hardening materials. Referring to the initial
effective strain n0 ¼ 2:71e 4, the surface strain eb is large enough here.
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3n1=n0
j1=n
4
3
y2 þ 2
3
‘2
 
y ð38Þ
mzx ¼  2R0
3n1=n0
j1=n
4
3
y2 þ 2
3
‘2
 
‘2 ð39Þ
Substituting Eqs. (38) and (39) into Eq. (17), we can get
M ¼ 2bR0
n1=n0
Ij1=n ð40Þ
where I is called the modiﬁed moment of inertia given by
I ¼
Z h=2
0
4
3
y2 þ 2
3
‘2
 nþ1
2n
dy ð41Þ
In practice, when the plastic deformation is large enough, the elastic
strain can be ignored compared with the plastic strain. In this case,
the rigid-plastic solution is applicable and should be in agreement
with the analytical solution in this paper, as is proved in Figs. 2–5.
4.3. Advantages of the solution
Although the rigid-plastic solution is simple, it is involved with
a constraint that the elastic strain can be ignored. However, the
analytical solution in this paper is exact and has not such a con-
straint. In this section, two kinds of problems are analyzed to de-
clare the advantages of the present solution.
4.3.1. Problems with high hardening materials
Fig. 6 compares the present solutions with the rigid-plastic
solutions for both linear hardening material and power-law hard-
ening material. Both kinds of materials present high hardening
behaviors. Obviously, the rigid-plastic solutions bring much larger
errors in these cases. Table 1 gives the errors in detail with various
hardening modulus H for linear hardening material, and shows
that the errors would be more than 5.54% when H > 0:4E. Table
2 gives the errors with various plastic work hardening exponent
n for power-law hardening material, and shows that the errors
would be more than 4.91% when n < 1:6. In general, the metal
materials cannot present so high hardening behaviors. In another
word, the hardening behaviors almost do not inﬂuence the applica-
tion of the rigid-plastic solution for most of the metal materials.
4.3.2. Problems with small plastic deformation
Fig. 7 compares the present solutions with the rigid-plastic
solutions for both linear hardening material and power-law hard-
ening material. In order to eliminating the errors brought by high
hardening, weak hardening materials are applied here. When theTable 1
The surface strain eb with various H for linear hardening material.
H/E 0.05 0.1 0
Present solution 0.0246 0.0125 0
Rigid-plastic solution 0.0244 0.0123 0
% error 0.81 1.60 3
Note: The material length parameter is adopted as ‘ ¼ h=2, and the given moment is M
Table 2
The surface strain eb with various n for power-law hardening material
n 5 3
Present solution 1.44535 0.04335
Rigid-plastic solution 1.44426 0.043136
% error 0.08 0.49
Note: The material length parameter is adopted as ‘ ¼ h=2, and the given moment is Mplastic deformation does not appear or is small, it is shown that
large errors appear because the rigid-plastic solutions cannot mod-
el the elastic behaviors.
In a word, the rigid-plastic solution is not exact and includes
some errors, especially when the plastic deformation is small.
Therefore, it should be carefully used to measure the material
length parameter in practice. Without any assumptions, the ana-
lytical solution in this paper is always accurate no matter how
small the plastic deformation is. This can also be proved by com-
parison with ﬁnite element solution, as shown in Figs. 6 and 7..2 0.4 0.6 0.8
.00647 0.00343 0.00241 0.00190
.00626 0.00324 0.00223 0.00173
.25 5.54 7.47 8.95
¼ 3R0bh2.
2 1.6 1.4 1.2
0.00764 0.00387 0.00277 0.00199
0.00744 0.00368 0.00259 0.00182
2.62 4.91 6.50 8.54
¼ 3R0bh2.
Fig. 7. Comparison of the present solution with the rigid-plastic solution and the
ﬁnite element solution for weak hardening materials. The surface strain eb
corresponding to the initial yield stress are 1.994e4, 2.489e4 and 2.756e4 for
‘ ¼ h=2, ‘ ¼ h=4 and ‘ ¼ 0, respectively.
784 J. Bin, C. Wanji / International Journal of Solids and Structures 47 (2010) 779–7855. Conclusion
An analytical solution is provided for an elasto-plastic thin
beam under plane strain deformation. The solution is based on
couple stress theory, which admits a straightforward generaliza-
tion to strain gradient theory.
The solution gives an implicit expression of the relation be-
tween the moment M and the curvature j, which can be easily
solved through numerical methods. No matter the plastic harden-
ing is weak or high and no matter the plastic deformation is small
or large, the solution is always well in agreement with the ﬁnite
element solution. It proves the correctness of the present solution.
Moreover, the rigid-plastic solution, including a constraint that
the elastic strain can be ignored, is also introduced. Comparatively,
the analytical solution in this paper does not have such a constraint
and therefore has a more widely application in micro-engineering.
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Appendix A. The monotonicity of f ðrxÞ
For a pure bending beam in Fig. 1, all of the tensors rij and eij
should be odd functions of y. Thus, in this section, we only studythe upper region of beam ðy > 0Þ, where both rx P 0 and ex P 0
should be satisﬁed under the assumption jP 0.
In order to study the monotonicity of f ðrxÞ in Eq. (31), the fol-
lowing equations should be ﬁrstly proved.
(1) @n
@rx 6 0The following inequality canbeeasily satisﬁedby squaring twosides
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
P j3Kex  2rxj ðA:1Þ
It means that
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
P 2rx  3Kex ðA:2Þ
Combining with (26) and (A.2), it comes to
ex P 2ey ðA:3Þ
Given ex, the derivatives of ey and n to rx can be obtained from Eqs.
(26) and (30)
@ey
@rx
¼ 1
3K
1þ 3Kex  2rx
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
0
B@
1
CA ðA:4Þ
@n
@rx
¼ 2ð2ey  exÞ
3n
@ey
@rx
ðA:5Þ
Obviously, K > 0 and nP 0 can be satisﬁed. Considering (A.2) and
(A.4), we have
@ey
@rx
P 0 ðA:6Þ
Substituting (A.3) and (A.6) into (A.5), @n
@rx 6 0 can also be proved.
(2) @R
@rx P 0
In case of rx P 0, the following inequalities hold by squaring them
rx þ 3Kex P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
ðA:7Þ
3Kex  rx 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q
ðA:8Þ
Substituting Eq. (27) into (A.7) and (A.8), we have
rx P rz P rx ðA:9Þ
It can also be written as
2rx  rz P j2rz  rxj ðA:10Þ
From Eq. (27), the derivative of rz to rx is
@rz
@rx
¼ 3Kex  2rx
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2x  3Krxex þ 9K2e2x
q ðA:11Þ
Considering (A.2), we have
j @rz
@rx
j 6 1 ðA:12Þ
From Eq. (28), the derivative of the couple stress mzx to rx is
@mzx
@rx
¼ ‘2j 1
ex  ey þ
rx
ðex  eyÞ2
@ey
@rx
" #
ðA:13Þ
Substituting (A.3) and (A.6) into (28) and (A.13), we can obtain
mzx 6 0;
@mzx
@rx
6 0 ðA:14Þ
The derivative of the generalized effective stress R to rx can be ob-
tained from Eq. (29)
@R
@rx
¼ 1
2R
ð2rx  rzÞ þ @rz
@rx
ð2rz  rxÞ þ 3
‘2
mzx
@mzx
@rx
 
ðA:15Þ
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@rx P 0 can be
proved.
For the linear hardening materials, the derivative of f ðrxÞ is
@f
@rx
¼ @R
@rx
 H @n
@rx
ðA:16Þ
For the power-law hardening materials, the derivative of f ðrxÞ is
@f
@rx
¼ @R
@rx
 R0
nn0
n
n0
 1n
n @n
@rx
ðA:17Þ
Substituting @R
@rx P 0 and
@n
@rx 6 0 into (A.16) and (A.17), we can ob-
tain @f
@rx > 0 eventually. In other words, the function f ðrxÞ increases
monotonously with rx increasing. Therefore, we can conclude that
there is only one solution in the equation f ðrxÞ ¼ 0 when rx P 0.
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